Accelerating Universe via Spatial Averaging 



Yasusada Nambifl and Masayuki TanimotcQ 
Department of Physics, Graduate School of Science, Nagoya University, Chikusa, Nagoya 464-8602, Japan 

(Dated: June 14, 2005) 

We present a model of an inhomogeneous universe that leads to accelerated expansion after taking spatial 
averaging. The model universe is the Tolman-Bondi solution of the Einstein equation and contains both a region 
with positive spatial curvature and a region with negative spatial curvature. We find that after the region with 
positive spatial curvature begins to re-collapse, the deceleration parameter of the spatially averaged universe 
becomes negative and the averaged universe starts accelerated expansion. We also discuss the generality of the 
condition for accelerated expansion of the spatially averaged universe. 
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Introduction. — The existence of the dark energy com- 
ponent is considered to be necessary to explain present ac- 
celeration of the Universe indicated by recent observational 
data| U |2|]. Although a cosmological constant or a negative 
pressure fluid are candidates for the dark energy, we do not 
know the true character of them and they are left as black 
boxes. 

More conservative approach to explain the acceleration 
of the Universe without introduction of exotic fields is to 
utilize a backreaction effect due to inhomogeneities of the 
Universe 1 4^ 1^ lZi, ,9]. In this approach, we have to fit 
a homogeneous and isotropic Friedmann-Robertson-WaUcer 
(FRW) universe to an inhomogeneous universe] 10|. This is 
done by taking spatial average of fluctuations of metric and 
matter fields. The effect of the inhomogeneities modifies the 
evolution of spatially averaged "background" FRW universe. 

Many researchers have tried to apply this idea to the dark en- 
ergy problem, no one has yet succeeded to obtain an workable 
example that explains the accelerated expansion of the Uni- 
verse. This is due to the non-linearity of the Einstein equation. 
Usually, the backreaction effect in the Universe is evaluated 
by cosmological perturbation theory. However, after density 
fluctuation in the Universe grows to be non-linear and begins to 
re-collapse, perturbative expansion breaks down and we cannot 
obtain reliable results beyond this time based on perturbative 
calculation! 13|. Thus, we expect that non-perturbative fea- 
ture of inhomogeneity is crucial to obtain a workable model 
that explains the accelerated expansion of the Universe by the 
backreaction effect. 

In this letter, we consider a model of inhomogeneous uni- 
verse that is an exact solution of the Einstein equation with 
dust field. By taking spatial average of this model explicitly, 
we obtained an accelerated expansion of the spatially aver- 
aged universe provided that the following two conditions are 
satisfied: 

1 . The universe contains both a region with positive spatial 
curvature and a region with negative spatial curvature. 

2. The region with positive spatial curvature is in contract- 
ing phase. 

The degree of the acceleration of the averaged universe de- 
pends on the scale of the initial inhomogeneity. We use units 



in which c = h = SnG = 1 throughout the letter. 

Averaging of Tolman-Bondi model. — We consider a 
spherically symmetric solution of the Einstein equation with 
dust field. This is the Lemaitre-Tolman-Bondi solution flill 
and the metric is given by 



-dt 



l + 2E{r) 
2E{r) 2M{r) 



dr"^ + R'^dnl, 
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where _E(r) and M (r) are arbitrary functions of r. The solution 
of Eq. (|3 can be written parametrically by using a variable 

?/ = / dt/R, 



Riv,r) 
t{T],r) = 



M(r) 
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By introducing the following variables 

R{t,r) 2E{r) 



a{t,r) 



k{r) 



Po[r) 



6M(r) 



(4) 

the metric and the evolution equation for the scale factor a{t,r) 
become 

dP 



ds^ = -dr 



1 



a 



1 — k{r)r' 



+ r^dQ?. 



k{r) ^ po(r) 



(5) 
(6) 



Eq. (|6} is same as the Friedmann equation with dust and we 
can regard the Tolman-Bondi solution as a model of inhomo- 
geneous universe of which local behavior is equivalent to a 
FRW universe with a curvature constant k{r). 

As a specific case, we assume the following spatial distri- 
bution of spatial curvature, 

k{r) = ^ [2e{r - ro) - 1] , < r < L, < tq < L 

(7) 



Typeset by REVTeK 



2 



and assume that po{r) = po ^constant. In the region 1 : 
< r < To, the solution is that of a spatially open FRW 
universe and in the region 2 : tq < r < L, the solution is that 
of a spatially closed FRW universe. The spatial volume of the 
comoving region D : < r < Lis 



Jo 



dr 



^/^ - k{r)r^ 
C2al) , 



where 



ci = 



ro/L 



C2 = 



ro/L 



(8) 



(9) 



and the scale factor oi , 02 obey the following Friedmann equa- 
tions: 



Po 



L2 



1 Po 



(10) 



We define a spatially averaged scale factor of the region D by 
its physical volume 



Vnit) 
Vd{U) 



1/3 



(11) 



where we have normalized a^j = 1 at a fixed time t = t^. 
We can evaluate the deceleration parameter of the spatially 
averaged scale factor 



a-DO-D 



a? 



(12) 



Fig- G] shows evolution of g^i for different values of ro/L. 
About t ^ Q, the averaged universe behaves as the spatially 
flat FRW model with dust. The averaged universe enters the 
accelerating phase at a certain time after the closed FRW region 
begins to re-collapse att — ironL^ /6 {l^ . As the ratio tq/L 
becomes smaller, the averaged universe enters the accelerating 
phase earlier. For too small ratio tq/L < 0.4, the averaged 
universe re-collapse and we do not have the accelerated expan- 
sion. 



ro/L = 0.7 




FIG. 1: Evolution of the deceleration parameter qo of the spatially 
averaged universe for ro /I/ — 0.999,0.9,0.8,0.7. 



The condition for accelerated expansion. — To obtain the 
condition for accelerated expansion of the spatially averaged 
universe, we consider a model of inhomogeneous universe of 
which local scale factor a{t, x) obeys the following Einstein 
equation : 



k{x) 



P 
3' 



a 



a b \a , 



(13) 



(14) 



This model includes the Tolman-Bondi solution presented pre- 
viously. We assume that the volume of the spatial region D is 
given by 

Vd^ d^xVha^{t,x) (15) 
Jd 

where V/i is a time independent function of spatial coordinate 
X and its explicit form is not necessary for the following anal- 
ysis. The spatially averaged scale factor is defined by Eq. (II 1> 
and the spatial average of a quantity f{t,x) is defined by 

if)^^ f dPxVha'f. (16) 

The important property of the operation of the spatial averaging 
is that it does not commute with the time derivative Ifl: 



(/>■ = (/>+ 3 [(/i/>-(i/>(/)]. 
The average of the local Hubble parameter H = d/a is 

d_D 



Hd = {H) = 



an 



(17) 



(18) 



The Einstein equation for the averaged scale factor becomes 

2 

n-Q, (19) 



ao ) 



Pd_ 
3 



PD_ 

6 



ap 

where we have defined 

' k{x 



2Q, pD + iHoPD^Q, 



(20) 



n 



Q={H')-Ht, = ^-n-Hty. (21) 



The integrability condition Jsl of Eq. jl9> and Eq. j20> is 

a%{alny + ia%Qy ^ (22) 

and this equation does not yield independent evolution equa- 
tion. Thus, we can integrate Eqs. il9\ and i20\ by assuming 
that the scale factor dependence of the averaged spatial cur- 
vature TZ — 7?. («£)). After all, the Einstein equation for the 
averaged scale factor becomes 



an J 3 a}) 



(23) 



— = - 27^(a^3) + 4- H dxx^Tl{x). (24) 

an 6 0^3 J I 
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The averaged dust density is pn = p*/a^ where p» = 
PoiaD = !)• We can solve these equations if we obtain the 
scale factor dependence of the averaged spatial curvature 7?.. 

For the Tolman-Bondi model introduced previously, the av- 
eraged dust density is given by 



PD 



PoL^\ C1 + C2 , 

3 — , K = VoiaD = 1) (25) 



a' 



D 



and the averaged spatial curvature is 



7^ = 



C2a2 



(26) 



We evaluate TZ about the time at which the closed FRW region 
(region 2) begins to re-collapse. The scale factor of the region 2 
stays nearly constant 02 « poL^ /3 ^ oi around the maximal 
expansion and the averaged spatial curvature is approximated 
to be 1151 



where 



K 



Cl 



K C 



''D 



2/3 



c 



PoL^C2 



By substituting (I27> to Eqs. (I23> and (I24> . we obtain 



(27) 



(28) 



3 3 Jal + 3 y < 



Peff 
3 ' 
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(29) 



(30) 



and for a£) 1, 

^p*-4C 3if if 

Peff~ 3 2~' Petf«— ■ (31) 

Asymptotically, the equation of state of the averaged universe 
is 



Peff 
Peff 



1 /4C-P, 
3 ^ V -3if 



1 



(32) 



The condition for the accelerated expansion of the universe 
is Peff > and peff + 3peff < and this yields the following 
relation between constants contained in our model: 



K<0, <4C - p^ <3{-K). 



(33) 



For the Tolman-Bondi model, the first condition A' < is 
automatically satisfied. This condition means that the average 
of spatial curvature in the inhomogeneous universe must be 
negative asymptotically in time. That is, the comoving region 



D must contains a spatially open region. The condition < 
4C— corresponds to violation of the strong energy condition 
of the averaged universe, and it yields 



Cl < C2/3. 



(34) 



The condition 4C — < 3(— if) means the averaged universe 
does re-collapse before it enters the accelerating phase and 
yields 



(c2/3-Ci)Ci < 



-2/3 3 fV, 



1/3 



(35) 



Thus, the conditions i34\ and ( I35t constrain the size of spatially 
open region. For poL^ — — L^, we have 



0.4 < ro/L < 0.9, 



(36) 



and this range of the parameter is consistent with the behavior 
of the Tolman-Bondi model. If the spatially open region is too 
large, the averaged universe can not enter accelerating phase 
before the spatially closed region re-collapse. On the other 
hand, if the spatially open region is too small, the averaged 
universe will re-collapse before it enters the accelerating phase. 

Conclusion. — In this letter, we have presented an exam- 
ple of inhomogeneous universe that shows the accelerated ex- 
pansion after taking spatial averaging. The necessary condi- 
tion to realize accelerated expansion is that the inhomogeneous 
universe contains both a spatially open region (with negative 
spatial curvature) and a spatially closed region (with positive 
spatial curvature). Although if the whole universe starts its 
evolution with positive expansion, the region with positive 
spatial curvature will re-collapse after all. The scale factor 
dependence of the averaged curvature TZ in Eq. i27\ . that is 
crucial to derive the accelerated expansion, is the result of co- 
existence of the expanding spatial region and the contracting 
spatial region. This is the non-perturbative feature of inhomo- 
geneity and it is not possible to derive the same result based 
on the ordinary perturbative calculation. Even though we have 
checked this form of the averaged spatial curvature only for a 
spherically symmetric case, we expect that this form of the av- 
eraged spatially curvature will hold for more general case with- 
out symmetry and the acceleration of the averaged universe is 
a general feature of inhomogeneous universe with non-linear 
fluctuations. 

As an application of our model to the Universe, it is possible 
to fix the scale of inhomogeneity ro,L by using the present 
value of the cosmological parameters. We will report on this 
subject in a forthcoming paper 
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